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Abstract
A group G is said to be a PT-group if permutability is a transitive relation in the set of all subgroups of G. Our purpose in this
paper is to study PT-groups in the class of periodic radical groups satisfying min-p for all primes p.
c© 2006 Elsevier B.V. All rights reserved.
MSC: 20D30; 20F50; 20D40
1. Introduction and statements of results
A subgroup H of a group G is said to be permutable in G, H per G for short, if HK = K H for all subgroups K
of G. Like normality, permutability is not a transitive relation. A group G is said to be a PT-group if permutability is
a transitive relation in the set of all subgroups of G, that is, if H , K and L are subgroups of G such that H per K and
K per L then H per L . Obviously, the class of PT-groups is subgroup-closed.
According to a well-known theorem of Stonehewer [11, Theorem A] permutable subgroups are always ascendant.
Moreover, by a result of Robinson [13, Lemma 4] every ascendant subgroup of a PT-group is permutable.
Consequently, a group G is a PT-group if and only if every ascendant subgroup is permutable. If we restrict our
attention to finite groups, it follows that finite PT-groups are precisely the groups in which each subnormal subgroup
is permutable. Moreover, the class of finite PT-groups includes the class of finite soluble T -groups, that is, the class
of finite soluble groups in which normality is transitive in G. This is not true for arbitrary groups. For instance, the
locally dihedral 2-group, which is the split extension of a quasicyclic 2-group by its involution, is a soluble T -group
which is not a PT-group.
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The study of groups in which permutability is transitive in G begins with a paper of Zacher [14]. He determined
the structure of these groups in the finite soluble universe in a corresponding manner to Gaschu¨tz’s characterization
of finite soluble T -groups [7].
Theorem (Zacher). Let G be a finite soluble group. Then permutability is transitive in G if and only if G has an
abelian normal Hall subgroup L of odd order such that G/L is a nilpotent modular group and the elements of G
induce power automorphisms in L.
As a direct consequence of this theorem, the class of finite soluble groups in which permutability is transitive in G
is subgroup-closed. Hence finite PT-groups are exactly finite soluble groups in which permutability is transitive in G
and therefore Zacher’s Theorem characterizes finite PT-groups. More recently, Beidleman et al. ([5]) and Ballester-
Bolinches et al. [1] have obtained local characterizations of finite PT-groups in terms of their Sylow structure.
Our aim in this paper is to study PT-groups in the class of periodic radical groups satisfying min-p for all primes
p. This is motivated by the nice behaviour of the T -property in this class of locally finite soluble groups (see [4]).
It is well known that finite PT-groups are supersoluble. However, this is not true in general for infinite groups.
There are some generalizations of supersolubility, like hypercyclic groups. In this paper we obtain that, in our universe,
PT-groups are contained in a class of generalized supersoluble groups which is intermediate between the classes of
supersoluble groups and hypercyclic groups. In order to define this generalization of supersolubility, we need the
following definitions.
Definition 1. A divisible abelian p-group which is a ZG-module for some group G is said to be quasifinite if every
proper ZG-submodule of A is finite.
Definition 2. Let G be a group and consider H and K , two normal subgroups of G such that K is contained in H .
Then H/K is called a δ-chief factor of G if H/K is either a minimal normal subgroup of G/K or a quasifinite
ZG-module.
In a periodic radical group satisfying min-p for all primes p, every δ-chief factor is either an elementary abelian
finite p-group or a direct product of finitely many quasicyclic p-groups, for some prime p. Therefore it is interesting
to study periodic radical groups satisfying min-p for all primes p in which every δ-chief factor has rank one. This
class of groups, denoted by U∗, has been introduced and studied in [3]. It is contained in the class of hypercyclic
groups and the groups of this class behave very much as finite supersoluble groups.
Theorem 1. Let G be a periodic radical group satisfying min-p for all primes p. If G is a PT-group then every
δ-chief factor is either a cyclic group of prime order or a quasicyclic group. In particular, G ′ is contained in F(G),
the Fitting subgroup of G, and therefore G ′ is locally nilpotent.
Recall that if G is a group, the intersection L of all normal subgroups N of G such that G/N is locally nilpotent is
a normal subgroup of G called the locally nilpotent residual of G. If G is a locally finite group, then G/L is locally
nilpotent. Moreover, by [3, Theorem 5] every U∗-group G has a normal Sylow p′-subgroup for the smallest prime p
dividing the orders of the elements of G. Using this fact and the above theorem we have the following result.
Corollary 1. Let G be a periodic radical PT-group satisfying min-p for all primes p. If L is the locally nilpotent
residual of G, then L is a 2′-group.
For any group G, we will denote by pi(G) the set of primes dividing the orders of elements of G.
Proposition 1. Let G be a periodic group and let L be a normal abelian subgroup of G satisfying the following
conditions:
(i) G/L is a PT-group,
(ii) the set pi(L) ∩ pi(G/L) is empty,
(iii) every ascendant subgroup of L is normal in G.
Then G is a PT-group.
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The next result provides a characterization of periodic radical PT-groups satisfying min-p for all primes p similar
to the well-known Zacher’s characterization of finite PT-groups.
Theorem 2. Let G be a periodic radical group satisfying min-p for all primes p. Then G is a PT-group if and only
if G has an abelian normal Sylow pi -subgroup L with all elements of odd order such that every subgroup of G/L is
permutable and the elements of G induce power automorphisms in L.
Note that periodic groups in which every subgroup is permutable are exactly the periodic locally nilpotent modular
groups, that is, direct products of locally finite p-groups with modular subgroup lattices. The description of such
groups can be found in [10, Theorem 2.4.14].
Corollary 2. Let G be a periodic radical PT-group satisfying min-p for all primes p. If the Sylow 2-subgroups of
G are Dedekind and the Sylow p-subgroups of G are abelian for all primes p 6= 2, then every subgroup of G is a
T -group.
Corollary 3. Let G be a periodic radical PT-group satisfying min-p for all primes p. If the locally nilpotent residual
of G coincides with the derived subgroup of G, then G is a T -group.
Using Theorem 2 we can also obtain that, in our universe, PT-groups are metabelian and the Hirsch–Plotkin radical
of a PT-group has the same structure as the Fitting subgroup of a finite PT-group.
Theorem 3. Let G be a periodic radical group satisfying min-p for all primes p. If G is a PT-group, then G is
metabelian.
Theorem 4. Let G be a periodic radical group satisfying min-p for all primes p and let ρ(G) be the Hirsch–Plotkin
radical of G. If G is a PT-group, then ρ(G) = L×ζ∞(G), where L is the locally nilpotent residual of G and ζ∞(G)
is the upper hypercenter of G.
Corollary 4. Let G be a periodic radical PT-group satisfying min-p for all primes p. If Z(G) ∩ G ′ = 1, then G is a
T -group.
Corollary 5. Let G be a periodic radical PT-group satisfying min-p for all primes p. If Z(G) = 1, then G is a
T -group.
2. Proofs
We will use the following result in the proof of Theorem 1.
Lemma 1. Let G be a Chernikov group and let C be a divisible subgroup of G. If C is permutable in G then C is
normal in G.
Proof. Since G is a Chernikov group we have that G = G0A, where G0 is the divisible part of G and A is a finite
subgroup of G. Let T = CA. Then T 0 = C(A ∩ T 0) because C ≤ T 0. Since A ∩ T 0 is finite it follows easily that
T 0 = C . This implies that C is normal in T and so A normalizes C . Since C is normal in G0 we conclude that C is
normal in G. 
Proof of Theorem 1. Let H/K be a δ-chief factor of G. Since the class of PT-groups is obviously closed under
taking epimorphic images, there is no loss of generality in assuming that K = 1. Assume that H is a minimal normal
subgroup of G. Then H is an elementary abelian finite p-group, for some prime p (see [6, (1.2.4)]). Let P be a Sylow
p-subgroup of G containing H . If Q is a Sylow p′-subgroup of G then G = PQ by [6, (3.1.6)]. Since G satisfies
min-p, there exists a minimal element H0 of the set S = {1 6= T ≤ H : T is normal in P}. In particular, H0 is
a minimal normal subgroup of P and hence it is cyclic of order p by [6, (1.2.6)]. Let us show that Q normalizes
H0. Since G is a PT-group and H0 is subnormal in G we have that H0 is permutable in G. Let x ∈ Q. Then
H0 = H0(H ∩ 〈x〉) = H ∩ H0〈x〉 is normal in H0〈x〉 and so x normalizes H0. Since G = PQ we deduce that
H0 is normal in G. This implies that H = H0 and thus H is a cyclic group of order p. Suppose now that H is a
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quasifinite ZG-module. Then H is a direct product of finitely many quasicyclic p-groups for some prime p. Let H1
be a quasicyclic factor of H . It is clear that H1 is permutable in G because G is a PT-group. Then H1Op′(G)/Op′(G)
is permutable in G/Op′(G) which is a Chernikov group (see [6, (2.5.13)]). It follows from Lemma 1 that H1Op′(G)
is normal in G. Then H1 = H1(Op′(G) ∩ H) = H1Op′(G) ∩ H is normal in G. Since H is quasifinite we conclude
that H1 = H and finally that H is a quasicyclic p-group.
It remains to prove that G ′ ≤ F(G). Let H/K be a δ-chief factor of G. If H/K is a minimal normal subgroup of G,
we have that H/K is cyclic of order a prime p and so G/CG(H/K ) is a subgroup of a cyclic group of order p− 1. If
H/K is a quasifinite ZG-module, then H/K is a quasicyclic p-group, for some prime p, and therefore G/CG(H/K )
is a subgroup of a cyclic group of order p − 1 if p 6= 2 or a cyclic group of order 2 if p = 2 (see [6, (1.5.19)]). In
both cases G/CG(H/K ) is abelian and thus G ′ ≤ CG(H/K ). By [2, Theorem 7], F(G) is the intersection of the
centralizers of all δ-chief factors of G. We conclude that G ′ ≤ F(G) and so G ′ is locally nilpotent. 
Proof of Proposition 1. Let H be an ascendant subgroup of S, where S is a subgroup of G. We will show that H is
permutable in S. Let D = L ∩ H . It follows from (iii) that D is normal in S. Therefore, we can certainly assume
that D = H ∩ L = 1, since otherwise we would obtain that H/D is permutable in S/D and hence H would
be permutable in S. Since H is ascendant it follows that H ≤ Oσ (S), where σ = pi(H). Let pi = pi(L). Then
[H, L] ≤ Oσ (S) ∩ Opi (G) = 1 by (ii). We only need to show that 〈g〉H = H〈g〉 where g is a p-element of S and p
is an arbitrary prime. If p ∈ pi , then g ∈ L and 〈g〉H = 〈g〉 × H . Suppose now that p 6∈ pi and let T = 〈H, g〉. Then
pi(T ) = ω, where ω = σ ∪ {p}. Since the set σ ∩ pi is empty we have that ω ∩ pi is empty and so T ∩ L = 1. On
the other hand, HL/L is ascendant in S/L . Since G/L is a PT-group it follows that HL/L is permutable in S/L . In
particular, (HL/L)〈gL〉 = 〈gL〉(HL/L). In other words, for each element h ∈ H and every positive integer k there
are an element u ∈ H and a positive integer m such that hgkL = gmuL . Therefore u−1g−mhgk ∈ L . In addition,
u−1g−mhgk ∈ T . Since T ∩ L = 1 we deduce that u−1g−mhgk = 1 and hence hgk = gmu. We conclude that
H〈g〉 = 〈g〉H , which is the desired conclusion. 
The following results will be needed in the proofs of Theorems 2 and 4.
Lemma 2. Let G be a PT-group and H a normal subgroup of G. Suppose that every finitely generated subgroup of
H is ascendant. If g is an element of G such that 〈g〉 ∩ H = 〈1〉, then 〈h〉〈g〉 = 〈h〉 for each element h ∈ H.
Proof. Define L = 〈h〉〈g〉. Then 〈g, h〉 = L o 〈g〉. Since 〈h〉 is ascendant in H (and hence in G), 〈h〉 is permutable in
G. Thus 〈g, h〉 = 〈h〉〈g〉 and L = L ∩ (〈h〉〈g〉) = 〈h〉(L ∩ 〈g〉) = 〈h〉. 
Corollary 6. Let G be a finite PT-group and let H be a normal p-subgroup of G, where p is a prime. If g is an
element of G such that g 6∈ CG(H), but gn ∈ CG(H) for some p′-number n, then [H, g] = H and H is abelian.
Proof. We have g = g1g2 where g1 is a p-element and g2 is a p′-element. Since gCG(H) is a p′-element, it follows
that g1 ∈ CG(H). We thus get hg = hg2 for each element h ∈ H and [H, g] = [H, g2]. Therefore, without
loss of generality, we may assume that g is a p′-element. Lemma 2 now shows that g induces a non-trivial power
automorphism in H . We conclude from [9, Hilfssatz 5] that H is abelian and hence H = CH (g) × [H, 〈g〉] =
CH (g) × [H, g] (see [8, (5.2.5)]). By the choice of g, we have that H 6= CH (g) and so [H, g] 6= 1. Suppose that
CH (g) 6= 1 and choose in CH (g) an element c of order p. Let a be an element of [H, g] of order p. Since a 6∈ CH (g),
we have that ag = ad where d is a p′-number such that d 6≡ 1(mod p). In particular, (ac)g = agcg = adc. On
the other hand, since ac 6∈ CH (g), (ac)g = (ac)t where t is also a p′-number such that t 6≡ 1(mod p). This gives
adc = (ac)t = atct and therefore d ≡ t (mod p) and t ≡ 1(mod p). This contradiction proves that CH (g) = 1 and
hence [H, g] = H . 
Corollary 7. Let G be a locally finite PT-group and H a normal p-subgroup of G, where p is a prime. Suppose
that every subgroup of H is ascendant. If g is an element of G such that g 6∈ CG(H), but gn ∈ CG(H) for some
p′-number n, then [H, g] = H and H is abelian.
Proof. We have g = cx where c is a p-element and x is a p′-element. Clearly c ∈ CG(H), so hg = hx for each
element h ∈ H . Since every subgroup of H is ascendant in G and G is a PT-group, it follows that every subgroup of
H is permutable in G. Let L be a finite subgroup of H . Then L〈x〉 is a subgroup of G and hence L〈x〉 is a PT-group.
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Applying Corollary 6, L is abelian and [L , x] = [L , g] = L . Since it is valid for all finite subgroups of H , we deduce
that [H, g] = H and H is abelian. 
Corollary 8. Let G be a locally finite PT-group and H a normal p-subgroup of G, for a prime p. Suppose that every
subgroup of H is ascendant. If Q is a subgroup of G such that QCG(H)/CG(H) is a non-trivial p′-group, then
[H, Q] = H and H is abelian. In particular, [H,G] = H.
It is well known that every hypercentral group is locally nilpotent but, in general, the converse is not true. Since
a periodic radical group with min-p for all primes p always contains minimal normal subgroups, it is not difficult to
see that for groups of this kind hypercentrality is equivalent to local nilpotence.
Remark 1. Suppose that G is a periodic radical group with min-p for all primes. Then G is hypercentral if and only
if G is locally nilpotent.
Lemma 3. Let G be a periodic radical group satisfying min-p for all primes p and suppose that P is a normal Sylow
p-subgroup of G, for some prime p, such that G/P is locally nilpotent. If G is a PT-group and G is not locally
nilpotent, then P is abelian. Moreover, if B is a normal subgroup of G contained in P, then B = [B,G].
Proof. We have G = PQ, where Q is a Sylow p′-subgroup of G (see [6, (3.1.6)]) and Q 6= 1 because G is not locally
nilpotent. Moreover, Q does not centralize P because otherwise G = P × Q and so G would be locally nilpotent.
Then there exists a p′-element g such that g 6∈ CG(P). On the other hand, by Remark 1, P is hypercentral and so every
subgroup of P is ascendant. It follows from Corollary 7 that P is abelian. Let B be a normal subgroup of G contained
in P . Let us prove that B = [B,G]. Suppose that G = CG(B). In particular D = P ∩ Z(G) 6= 1. Choose again a
p′-element g such that g 6∈ CG(P). Let A = Ω1(P) and E = A ∩ D. Then E 6= 1. Since A is finite, by Maschke’s
Theorem [8, (3.3.1)] A = E ×U for some 〈g〉-invariant subgroup U of A. Therefore [A, g] = [U, g] ≤ U 6= A. On
the other hand, it follows from Corollary 7 that [A, g] = A. This contradiction gives G 6= CG(B). In particular, there
exists a p′-element c such that c 6∈ CG(B). Corollary 7 now yields [B, c] = B. In particular, [B,G] = B, which is
the desired conclusion. 
Proof of Theorem 2. By virtue of Proposition 1, only the necessity of the condition is in doubt. Suppose that G is
a PT-group and let L be the locally nilpotent residual of G. Then L is a 2′-group by Corollary 1. Let us first show
that the set pi(L) ∩ pi(G/L) is empty. Suppose, arguing by contradiction, that there exists p ∈ pi(L) ∩ pi(G/L). Then
G/L has a non-trivial Sylow p-subgroup P/L . Moreover P/L is normal in G/L because G/L is locally nilpotent.
On the other hand, it follows from Theorem 1 that G ′ is locally nilpotent. Since L ≤ G ′ we have that L is likewise
locally nilpotent. Let us denote pi = pi(L). Then L = Drp∈pi L p, where L p is the Sylow p-subgroup of L . Let p ∈ pi
and let us denote Q = Drq 6=pLq . Then P/Q is the unique Sylow p-subgroup of G/Q. Since Q 6= L and L is the
locally nilpotent residual of G we have that G/Q is not locally nilpotent. By Remark 1, G/L is hypercentral and
thus Z/L = P/L ∩ Z(G/L) 6= 1. Since Z/Q is a normal subgroup of G/Q contained in P/Q it follows from
Lemma 3 that [Z/Q,G/Q] = Z/Q. On the other hand, by the choice of Z we have that [Z ,G] ≤ L . Therefore
Z/Q = [Z/Q,G/Q] ≤ L/Q, which contradicts the fact that Z/L is non-trivial. This contradiction proves that
pi(L) ∩ pi(G/L) is empty. Therefore L is a Sylow pi -subgroup of G, where pi = pi(L) and the Sylow p-subgroup
L p of L is in fact the Sylow p-subgroup of G, for each p ∈ pi . Moreover, since G is locally finite and countable, it
follows from [12, (5.1.1)] that G splits over L , that is, there exists a subgroup S of G such that G = L o S.
We next prove that L is abelian. Let p ∈ pi and let Q = Drq 6=pLq . Then L/Q = L pQ/Q is a normal Sylow p-
subgroup of the PT-group G/Q. Moreover G/L is locally nilpotent but G/Q is not locally nilpotent because Q 6= L .
It follows from Lemma 3 that L/Q ∼= L p is abelian. Since this is true for each p ∈ pi = pi(L) we conclude that L is
abelian.
We are now in a position to show that every subgroup of L is normal in G. By Lemma 2, S acts as a group of power
automorphisms on L . Therefore, every subgroup of L is normal in G.
Since G/L is hypercentral it follows that every subgroup of G/L is ascendant in G/L . Consequently, every
subgroup of G/L is permutable. 
Proof of Corollary 2. Let S be an arbitrary subgroup of G and denote by L the locally nilpotent residual of S. Let H
be a subnormal subgroup of S and D = H ∩ L . Applying Theorem 2, D is normal in S. Without loss of generality
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we can assume that D = 1. Since H is subnormal in S, H ≤ Oσ (S), where σ = pi(H). Let pi = pi(L). Then
[H, L] ≤ Oσ (S)∩ Opi (S) = 1 by Theorem 2. It is sufficient to prove that g−1Hg = H where g is a p-element and p
is an arbitrary prime. If p ∈ pi , then g ∈ L and 〈g〉H = 〈g〉× H . In particular g−1Hg = H . Suppose now that p 6∈ pi
and let T = 〈H, g〉. Then pi(T ) = ω, where ω = σ ∪ {p}. Since the set σ ∩ pi is empty we have that T ∩ L = 1.
On the other hand, HL/L is normal in S/L because S/L is Dedekind. Therefore, for each element h ∈ H , we have
that [hL , gL] = [h, g]L ∈ HL/L and hence [h, g] ∈ HL . Moreover, [h, g] ∈ T because g, h ∈ T . We conclude that
[h, g] ∈ HL ∩ T = H(L ∩ T ) = H and so g−1Hg = H , which completes the proof. 
Proof of Corollary 3. Let L denote the locally nilpotent residual of G. By Theorem 2, L is abelian and the Sylow
p-subgroup of L is in fact the Sylow p-subgroup of G, for each p ∈ pi(L). Let p be a prime and let P be a Sylow
p-subgroup of G. If p ∈ pi(L) then P ≤ L and hence P is abelian. If p 6∈ pi(L) then P ∩ L = 1. Since G/L is abelian
by hypothesis we obtain that P is abelian. From Corollary 2 we conclude that G is a T -group. 
Proof of Theorem 3. By Theorem 1, G ′ is locally nilpotent. Then, G ′ = Drp∈pi(G ′)Dp, where Dp is the Sylow p-
subgroup of G ′. We will show that Dp is abelian, for each p ∈ pi(G ′). Let L be the locally nilpotent residual of G.
According to Theorem 2, L is abelian and the Sylow p-subgroup L p of L is in fact the Sylow p-subgroup of G, for
each p ∈ pi(L). Let q ∈ pi(G ′). Suppose that q ∈ pi(L). Since L ≤ G ′ we have that Dq = Lq and hence Dq is abelian.
Assume now that q 6∈ pi(L). In particular, L ∩ Dq = 1. Since G/L is locally nilpotent, G/L = Drp∈pi(G/L)Sp/L ,
where Sp/L is the Sylow p-subgroup of G/L . In particular, (Sp/L)′ is the Sylow p-subgroup of G ′/L , for every
p ∈ pi(G/L). By Theorem 2, every subgroup of G/L is permutable. This implies that Sp/L is metabelian and so
(Sp/L)′ is abelian for each p ∈ pi(G/L) (see [10, (2.4.14)]). Since DqL/L is the Sylow q-subgroup of G ′/L , we
conclude that Dq ∼= DqL/L is abelian. 
Proof of Theorem 4. Let L be the locally nilpotent residual of G. By Theorem 2 we have that L is an abelian normal
subgroup of G and thus L ≤ ρ(G). On the other hand, ρ(G) is the direct product of its Sylow subgroups. Write
pi = pi(L). Applying Theorem 2, L is a Sylow pi -subgroup of G. Therefore, L is the Sylow pi -subgroup of ρ(G) and
hence ρ(G) = L × Z , where Z is the Sylow pi ′-subgroup of ρ(G). We will show that Z is the upper hypercenter of
G. Since G/L is locally nilpotent, it is hypercentral by Remark 1. Let
1 = C0/L ≤ C1/L ≤ · · · ≤ Cα/L ≤ Cα+1/L ≤ · · · ≤ Cγ /L = G/L
be the upper central series of G/L . Let Zα be the subgroup of Z such that ZαL/L = Cα/L ∩ ZL/L , α ≤ γ . We
have that [Zα+1,G]L/L = [Zα+1L/L ,G/L] ≤ Cα/L ∩ ZL/L = ZαL/L . Therefore [Zα+1,G] ≤ ZαL ∩ Z =
Zα(L ∩ Z) = Zα for all α < γ . In other words, the series
1 = Z0 ≤ Z1 ≤ · · · ≤ Zα ≤ Zα+1 ≤ · · · ≤ Zγ = Z
is G-central. This shows that Z is contained in ζ∞(G). On the other hand, ζ∞(G) ≤ ρ(G); thus ζ∞(G) =
Z × (ζ∞(G) ∩ L). Suppose that ζ∞(G) ∩ L 6= 1. Then U = Z(G) ∩ L 6= 1. Let p ∈ pi(U ) and let V be the
Sylow p-subgroup of U . We have L = Drq∈pi Lq , where Lq is the Sylow q-subgroup of L . Moreover Lq is the
Sylow q-subgroup of G, for each q ∈ pi . Let us denote Q = Drq 6=pLq . Then L/Q = L pQ/Q is a normal Sylow
p-subgroup of the PT-group G/Q. Furthermore, G/Q is not locally nilpotent because Q 6= L . It follows from
Lemma 3 that [V Q/Q,G/Q] = V Q/Q. On the other hand, by the choice of V , we have that [V,G] = 1 and so
[V Q/Q,G/Q] = 1. This contradiction shows that ζ∞(G) ∩ L = 1 and thus ζ∞(G) = Z . 
Proof of Corollary 4. Let ρ(G) be the Hirsch–Plotkin radical of G. By Theorem 4, ρ(G) = L × ζ∞(G), where L
is the locally nilpotent residual of G and ζ∞(G) is the upper hypercenter of G. Applying Theorem 1, G ′ is locally
nilpotent and so G ′ ≤ ρ(G). On the other hand, L ≤ G ′. Therefore G ′ = L × (G ′ ∩ ζ∞(G)) = L and hence G is a
T -group by Corollary 3. 
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